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Abstract
In this paper we obtain Berry phase from Schrdinger equation. For
vector states, basic kets are coherent states in real parameterization. We
calculate Berry phase for spin S=1/2 and spin S=1 in SU(2) group and
Berry phase for spin S=1 in SU(3) group.
1 Introduction
In mechanics (including classical mechanics as well as quantum mechanics), the
Geometric phase, or the Pancharatnam-Berry phase (named after S. Pancharat-
nam and Sir Michael Berry), also known as the Pancharatnam phase or, more
commonly, Berry phase[1,2], is a phase acquired over the course of a cycle,
when the system is subjected to cyclic adiabatic processes, resulting from the
geometrical properties of the parameter space of the Hamiltonian. Apart from
quantum mechanics, it arises in a variety of other wave systems, such as clas-
sical optics [3]. As a rule of thumb, it occurs whenever there are at least two
parameters affecting a wave, in the vicinity of some sort of singularity or some
sort of hole in the topology. In nonrelativistic quantum mechanics, the state
of a system is described by the vector of the Hilbert space (the wave function)
ψ ∈ H which depends on time and some set of other variables depending on the
considered problem. The evolution of a quantum system in time t is described
by the Schrodinger equation
ih¯
∂ψ
∂t
= Hψ (1)
where H is called Hamiltonian of a system, and h¯ is the Planck constant. For
simplicity, we put and denote partial derivative on time by a dot, ψ˙ = ∂tψ, in
what follows.
Assume that, the state vectors to be normalized on unit,
‖ ψ ‖=
√
〈ψ|ψ〉 = 1 (2)
1
The norm of a state vector is preserved in time due to the self-adjointness
of the Hamiltonian. Normalization of a state vector does not eliminate the
arbitrariness in choosing the state vector in the Hilbert space because the arbi-
trariness in choosing a phase factor still remains.
Now we describe the problem which was considered by M. Berry [4] in its
simplest form. Assume for simplicity that the Hilbert space is a finite dimen-
sional and a state vector is represented by a column of N components,
ψ =


ψ1
...
ψN

 (3)
where ψ1, ..., ψN are complex valued functions on some set of variables which
will be specified later .
Any solution of the Schrodinger equation (1) with normalization condition
(2) is defined up to a constant phase factor eiΘ0 ,Θ0 = cte . We consider the
eigenvalue problem
Hφ = Eφ, E = cte (4)
where φ ∈ H is coherent state . Suppose there exists nondegenerate energy
eigenvalue E which depends on λ differentiably. The eigenfunction φ(λ) is also
assumed to be a differentiable function on λ . Without loss of generality, we
suppose that the eigenfunction φ is normalized on unit, 〈φ|φ〉 = 1 . Then it is
unique up to a multiplication on a phase factor which may be λ dependent.
In the adiabatic approximation, for slowly varying Hamiltonian, the system
remains in its instantaneous eigenstate. Therefore we look for the solution in
the form
ψ = eiΘφ (5)
where Θ = Θ(λ) is an unknown function on λ . Substitution of this expression
into the Schrodinger equation yields the equation for the phase factor
− Θ˙φ+ iφ˙ = Eφ (6)
where we dropped the common phase factor eiΘ and used the commutative of
matrices HeiΘ = eiΘH . Now we take the scalar product of left and right sides
of the derived equation with φ . As a result, we obtain the equation for the
phase
Θ˙ = i〈φ|φ˙〉 − E (7)
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and initial condition is φ|t=0 = 0 . Since φ˙ = λ˙
k∂kφ , the solution for equation
(7) is
Θ =
∫ t
0
dtλ˙kAk −
∫ t
0
dtE =
∫ λ(t)
λ(0)
dλkAk −
∫ t
0
dsE(s) (8)
where we introduced the notation
Ak(λ) = i〈φ|∂kφ〉 (9)
and the integral on λ is taken along the curve λ(t) .
The first term in Eq.(8) is called the geometric or Berrys phase and the
second term is called the dynamical phase.
Note that components (9) are real because of normalization of the wave
function. Indeed, differentiation of the normalization condition 〈φ|φ〉 = 1 yields
the equality
〈∂kφ|φ〉+ 〈φ|∂kφ〉 = 〈φ|∂kφ〉
+ + 〈φ|∂kφ〉 = 0 (10)
It implies the reality of components (9) and subsequently the reality of Berry
phase.
Then the total change in the phase of the wave function is equal to the
integral
Θ = ΘB −
∫ t
0
dtE (11)
where
ΘB =
∮
λ
dλkAk (12)
In this form, we are able to give the geometrical interpretation of the Berry
phase ΘB which is given by the first term in the obtained expression.
The expression for the Berry phase (12) can be rewritten as a surface integral
of the components of the local curvature form. Using Stokes formulae, we obtain
the following expression
ΘB =
1
2
∫ ∫
s
dλk × dλlFkl (13)
where S is a surface in R3 and F kl = ∂kAl − ∂lAk are components of the local
curvature form .
3
2 Berrys phase for coherent state in SU(2) group
We calculate the Berry phase for a spin 1/2 particle in nonrelativistic quantum
mechanics. A coherent state for spin 1/2 particle is described by the following
function [5]:
ψ =
(
cos θ2e
−iφ
sin θ2
)
(14)
This eigenfunction are normalized on unit,
〈φ|φ〉 = 1. (15)
The corresponding solution of the Schrodinger equation (1) is
ψ = eiΘφ (16)
where the phase Θ satisfies Eq. (7). Component of the local connection form
Ak = i〈φ|∂kφ〉 for the eigenstate φ are easily calculated
A|λ| = 0, Aθ = 0, Aφ = cos2
θ
2
(17)
The respective local form of the curvature has only two nonzero components:
Fθφ = −Fφθ = −
1
2
sinθ (18)
Now we calculate the Berry phase for a closed curve in the parameter space
λ = λ(t) ,
ΘB =
∮
λ
dλkAK =
1
2
∫ ∫
S
dλk × dλlFkl
=
∫ ∫
S
dθ × dφFθφ = −
1
2
∫ ∫
dθ × dφsinθ
= −
1
2
∫
(1− cosθ)dφ = −
1
2
Ω(λ) (19)
Where S is a surface in R3 with the boundary λ(t) and Ω(λ) is the solid
angle of a surface S as it looks from the origin of the coordinate system. This
result does not depend on how parameters depend on time [6].
We also calculate the Berry phase for a spin-1 particle in SU(2) in nonrel-
ativistic quantum mechanics. Coherent state for spin-1 in real parameter is in
the following form [5]:
4
ψ =

 e
iφsin2 θ2
1√
2
sinθ
e−iφcos2 θ2

 (20)
If we consider solution of the Schrdinger equation (1) similar to equation
(16), then component of the local connection form Ak = i〈φ|∂kφ〉 for the eigen-
state φ are easily calculated
A|λ| = 0, Aθ = 0, Aφ = cosθ (21)
And components of the local form of the curvature are
Fθφ = −Fφθ = −sinθ (22)
Now we calculate the Berry phase for a closed curve in the parameter space
λ = λ(t) ,
ΘB =
∮
λ
dλkAK =
1
2
∫ ∫
S
dλk × dλlFkl
=
∫ ∫
S
dθ × dφFθφ = −
∫ ∫
dθ × dφsinθ
= −
∫
(1− cosθ)dφ = −Ω(λ) (23)
where S is a surface in R3 with the boundary λ(t) and Ω(λ) is the solid angle
of a surface S as it looks from the origin of the coordinate system.
3 Berrys phase for coherent state in SU(3) group
We calculate the Berry phase for a spin-1 particle in SU(3) in nonrelativistic
quantum mechanics. Coherent state in real parameter in this group is in the
following form [7]:
ψ =

 e
iφ(e−iγsin2 θ2cosg − e
iγcos2 θ2sing)
sinθ√
2
(e−iγcosg + eiγsing)
e−iφ(e−iγcos2 θ2cosg − e
iγsin2 θ2sing)

 (24)
This eigenfunction expression in such a way that they are normalized on
unit,
〈φ|φ〉 = 1. (25)
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Similar to equation (16), then component of the local connection form Ak =
i〈φ|∂kφ〉 for the eigenstate φ are easily calculated
Aθ = 0, Ag = 0, Aφ = cosθcos2g,Aγ = cos2g (26)
Now we calculate the Berry phase for a closed curve in the parameter space
,
ΘB =
∮
λ
dλkAK =
1
2
∫ ∫
S
dλk × dλlFkl
=
∫ ∫
dθdφFθφ +
∫ ∫
dθdgFθg +
∫ ∫
dθdγFθγ
+
∫ ∫
dgdφFgφ +
∫ ∫
dγdφFγφ +
∫ ∫
dgdγFgγ
=
∫ ∫
dθdφcos2gsinθ − 2
∫ ∫
dgdφsin2gcosθ − 2
∫ ∫
dgdγsin2g
=
∫
(cos2g − cosθ)dφ −
∫
(1− cos2g)dγ (27)
In the above relation if we set g = 0 , obtain Berry phase in SU(2) group.
4 Discussion
Geometric phases are important in quantum physics and are now central to
fault tolerant quantum computation. We have presented a detailed analysis
of geometrical phase that can arise within general representations of coherent
states in real parameterization in SU(2) and SU(3) groups. As coherent state
in SU(3) group with g = 0 convert to coherent state in SU(2), Berry phase
also change in similar method. We can continues this method to obtain Berry
phase in SU(N) group, where N ≥ 4 . we can also obtain Berry phase from
complex variable base ket, we conclusion that result in two different base ket
is similar. Berry phase application in optic, magnetic resonance, molecular and
atomic physics [8,9] .
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